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Delaunay graph mapping based mesh deformation for 
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Ning Qin.3
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A flapping NACA0012 wing with spanwise rigid and flexible configurations is simulated 
using the Delaunay graph mapping based mesh deformation technique. This mesh 
deformation scheme is quite efficient and gives a good alternate to the spring analogy due to 
its non-iterative nature and simple implementation. It is also well suited for the parallel 
implementation due to its preservation of the original mesh topology.
The preliminary simulated case is spanwise rigid at Garrick frequency of 1.82 and 
Reynolds number 30,000, corresponding to the experimental data by Heathcote et. al [AIAA-
2006-2870]. The results obtained for this case are in a good agreement with the experimental 
data for the instantaneous thrust. The simulation also predicts the lag in flapping motion 
cycle and generated thrust due to the dynamic effects of the flapping cycle and a 
corresponding phase lag is depicted in the thrust during the flapping cycle. The detailed 
paper will also include the implementation and results of the spanwise flexible flapping 
NACA0012 wing.
Nomenclature
A = surface area
dC = drag coefficient
DESC = model constant taken as 0.65
CT = instantaneous coefficient of thrust
d = wall distance, length scale for turbulence model
dA = differential surface area
F = inviscid flux vector
f = shedding frequency
KG = Garrick Frequency 
G = viscous flux vector
n = normal area vector
P, p = pressure
Pr = prandtl number
q = heat flux
Q = primitive variables vector
Re = Reynolds number
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Sr = Strouhal number (
shedding frequency (f) * characteristic length (c)
freestream velocity (Uinf)
)
t = temporal symbol representing time
T = temperature
u, v, and w = cartesian velocity components
u = instantaneous velocity
u = averaged velocity
Uinf = free stream velocity
V = volume 
W = conserved variables vector
X = position vector in x, y and z direction
g? = spatial vector related with grid
/ /x y z? = direction vector along x,y and z axis
t? = the time domain? = ratio of specific heats
? = preconditioning matrix
T? = turbulent or eddy viscosity
T? = kinematic eddy viscosity
?? = modified kinematic eddy viscosity? = density
p? = p
??
? at constant temperature 
T? = T
??
? at constant pressure
ij?? ?? ? ?? = stress tensor? = pseudo time
w? = wall shear stress? = span wise location
ALE = Arbitrary Lagrangian Eulerian
CFD = Computational Fluid Dynamics
CFL = Courant–Friedrichs–Lewy condition
DES = Detached Eddy Simulation
DG-DES = Dynamic Grid-Detached Eddy Simulation (Sheffield University Code)
GCL = Geometric Conservation Law
GIS = Grid Induced Separation
LES = Large Eddy Simulation
MPI = Message Passing Interface 
NS = Navier-Stokes
RANS = Reynolds Averaged Navier Stokes Equations
S-A = Spalart-Allmaras turbulence model
SGS = Sub-grid-scale
URANS = Unsteady RANS
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I. Introduction
He Flapping wing aerodynamics is presently an active area of research both in CFD and in experimental 
domain. However, it is a challenge to move the mesh for three dimensions for flapping motion. The preliminary 
simulated case is spanwise rigid at Garrick frequency of 1.82 and Reynolds number 30,000, corresponding to the 
experimental data of Ref. [1]. A history of pitching and plunging airfoils can be traversed from Ref. [2 -16]. Spring 
analogy becomes computationally expensive due to its iterative nature. Delaunay graph based grid deformation 
scheme[17] is a non iterative and powerful method for mesh motion and offers a good alternate to the traditional 
spring analogy.
II. Numerical Scheme
A parallel, density based unstructured solver called Dynamic Grid Detached-Eddy Simulation (DG-DES)[18,19] is 
used for the present study. The code solves the unsteady Reynolds Averaged Navier-Stokes (RANS) equations using 
dual-time stepping approach. The governing equations are discretized using a cell-centered finite volume method. 
The convective terms are discretized using the Roe scheme[20]. A single equations Spalart-Almaras turbulence 
model[21] is used for the Detached-Eddy simulation formulation. For domain decomposition, an open source code 
Metis[22] is used. Further details can be found in Ref. [18] and Ref. [19].
A. Governing equations
    The governing Naver-Stokes equations are presented below:
? ? ?
inviscid fluxConservativevariables viscous flux
. 0
V A
dV d
t ?
? ?? ? ? ?? ?? ? ???? ??W F G A (1)
where primitive variable matrix Q is presented as,
p
u
v
w
T
? ?? ?? ?? ?? ? ?? ?? ?? ?
Q ,
u
v
w
E
?
?
?
?
?
? ?? ?? ?? ?? ? ?? ?? ?? ?? ?
W    and  
x
y
z
? ?? ?? ? ?? ?? ?
F
F F
F
,
x
y
z
? ?? ?? ? ?? ?? ?
G
G G
G
   (2)
T
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B. Dual-time stepping
The main structure of the in-house code DG-DES used for the present study is presented in Chart 1.
Chart 1: Flow chart showing the structure of dual-time stepping for moving mesh
t t t? ? ?
? ? ?? ? ?
Backward Euler scheme for physical 
time advancement
? Residual calculation with Fluxes calculated using 
Roe Flux Difference splitting
? 3/4 stage explicit Runge Kutta scheme for pseudo 
time advancement using specified CFL number with 
local time stepping.
? Update conservative variables
Maximum Physical time 
steps reached
Pseudo time block
Yes
No
Yes
No
Move mesh
      Converged
             Or
Maximum Pseudo iterations 
reached
START
Specify total number of:
? physical time steps
? pseudo time steps per 
physical time iteration
Periodic Storing of 
results
END
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C. Moving mesh with arbitrary Lagrangian-Eulerian (ALE) formulation
A previous study by the authors[23] used the ALE formulation to simulate the flapping teardrop element with 
flexible tail. ALE are a set of equations representing Eulerian, Lagrangian or any intermediate stage field. 
Historically, the ALE has been widely applied in fluid and structural dynamics with deforming domain. General 
inviscid Eulerian formulation can be represented as:
0
t
? ?? ?? ?
W F
X    
(3)
Where, ˆˆ ˆxi yj zk? ? ?X
Following the Eulerian system of equations is written to describe the mean flow properties, in integral Cartesian 
form for an arbitrary control volume V with differential surface area dA.
. 0
V A
dV d
t ?
? ? ?? ??? ??W F A
(4)
u
v
w
E
?
?
?
?
?
? ?? ?? ?? ?? ? ?? ?? ?? ?? ?
W     
x
y
z
? ?? ?? ? ?? ?? ?
F
F F
F
x
u
uu p
uv
uw
uE pu
?
?
?
?
?
? ?? ??? ?? ?? ? ?? ?? ??? ?? ?
F , y
v
vu
vv p
vw
vE pv
?
?
?
?
?
? ?? ?? ?? ?? ?? ?? ?? ??? ?? ?
F ,   z
w
wu
wv
ww p
wE pw
?
?
?
?
?
? ?? ?? ?? ?? ? ?? ??? ??? ?? ?
F
It is clear that the inviscid terms comprise convection and pressure terms.
1 0
1
0
0
x
Convective terms Pressure terms
u
uu p u
u puv v
uw w
uE pu E u
?
?
??
?
?
? ? ? ? ? ?? ? ? ? ? ??? ? ? ? ? ?? ? ? ? ? ?? ? ?? ? ? ? ? ?? ? ? ? ? ?? ? ? ? ? ??? ? ? ? ? ?? ? ? ? ? ?
F
??? ???
(5)
1 0
0
1
0
y
Convective terms Pressure terms
v
vu u
v pvv p v
vw w
vE pv E v
?
?
??
?
?
? ? ? ? ? ?? ? ? ? ? ?? ? ? ? ? ?? ? ? ? ? ?? ? ??? ? ? ? ? ?? ? ? ? ? ?? ? ? ? ? ??? ? ? ? ? ?? ? ? ? ? ?
F
??? ? ?
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1 0
0
0
1
z
Convective terms Pressure terms
w
wu u
w pwv v
ww p w
wE pw E w
?
?
??
?
?
? ? ? ? ? ?? ? ? ? ? ?? ? ? ? ? ?? ? ? ? ? ?? ? ?? ? ? ? ? ?? ? ? ? ? ??? ? ? ? ? ??? ? ? ? ? ?? ? ? ? ? ?
F
???? ???
The word “arbitrary” in ALE indicates that it could be both “Lagrangian” and ”Eulerian” or anywhere in 
between them. Therefore, the control volume ( )V t and the control area ( )A t? are the function of time now. For the 
velocity of the moving control surface ( )A t? as gv , where
g
g g
g
u
v
w
? ?? ?? ? ?? ?? ?
v ,
The resulting ALE formulation becomes:
( ) ( )
. 0
V t A t
dV d
t ?
? ? ?? ??? ??W F A
   (6)
1 0
1
( ) 0
0
x g
Convective terms Pressure terms
u
u u pv
w
E u
?
? ? ? ?? ? ? ?? ? ? ?? ? ? ?? ? ?? ? ? ?? ? ? ?? ? ? ?? ? ? ?? ? ? ?
F
??????? ???
1 0
0
( ) 1
0
y g
Convective terms Pressure terms
u
v v pv
w
E v
?
? ? ? ?? ? ? ?? ? ? ?? ? ? ?? ? ?? ? ? ?? ? ? ?? ? ? ?? ? ? ?? ? ? ?
F
?????? ???
   (7)
1 0
0
( ) 0
1
z g
Convective terms Pressure terms
u
w w pv
w
E w
?
? ? ? ?? ? ? ?? ? ? ?? ? ? ?? ? ?? ? ? ?? ? ? ?? ? ? ?? ? ? ?? ? ? ?
F
??????? ???
By replacing these inviscid terms with the inviscid flux terms of NS equations, the complete set of NS equations for 
ALE formulation is obtained.  
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D. Oscillating NACA0012 Wing
Delaunay Graph Mapping based mesh deformation [17] is an efficient non-iterative mesh deformation scheme. 
The domain mesh for NACA0012 wing is shown in “Fig. 1(a)”. The Delaunay graph is generated with selected 
input domain points as shown in “ Fig. 1(b)”. In order to display the Delaunay graph map, “Fig. 1(c)” presents the 
Delaunay triangulation on the base line mesh. The zoomed view of the wing is shown in “Fig. 1 (d)”.
   
The mesh statistics of the mesh used in this simulated are tabulated in ”Table 1”. It is structured mesh, generated 
in Gambit with near wall clustering. The number of Delaunay graph elements used for this mesh deformation is 
4821. It is to be ensured that all the internal mesh nodes (excluding the boundary nodes) are encompassed by the 
Delaunay Graph elements. The mesh resolution especially in the LES region is less than what is generally adopted 
for the hybrid RANS-LES methodology. 
Number of 
nodes
Number of 
elements Nx ×Ny ×Nz
Type of cells
Brick Tetrahedral Pyramid
274533 255760 278x46x20 255760 0 0
                  Table 1. Mesh statistics of NACA0012 wing at Reynolds number 30,000
Figure 1. Domain and Delaunay Graph meshes
a) Mesh of the domain b) Delaunay Graph with the 3D mesh
c) Delaunay Graph only d) Zoom view of the wing
c) d)
a) b)
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It is to be noticed that the overall mesh resolution is coarse as shown in Fig. 2. An open source code Metis[22] is 
used for the mesh partitioning for parallel computations. 
As mentioned before, a coarse mesh is used initially to validate the mesh motion methodology and to speed up 
the results. Figure 2 (a) and (c) are two instantaneous mesh images at the top and bottom peak during the mesh 
motion.  Figure 2 (b) presents the mesh over the surface of the NACA0012 wing. 
E. Case details
The case simulated corresponds to the inflexible motion case as presented in the “Fig. 2”. However, the 
experimental inflexible case has a certain tip displacement due to the flexibility of the material. For the simulated 
case, the root and tip displacements are in zero phase lag (fully rigid body). “Table 2” presents the different 
        
Figure 2. Mesh deformations during the wing oscillation with 17.5% c amplitude
a) Top peak location b) 3D wing mesh c) Bottom peak location
a) b)
c)
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parameters from the case set up for the numerical simulation and correspond to the experimental data[1]. The 
trajectory followed in this simulation is similar to the profile by the ‘Root’ as shown in Fig. 3.
Re = 30000
Scale 9.413196E-02
chord (m) 1
velocity (m/sec) 5
Density 1.17666
Viscosity 1.84602186E-05
Re 3.000000E+04
Gamma 1.4
R 287.04
T 300
C 347.212903
Meu 1.84602186E-05
P 101324.545920
Mach 0.014400
meu_ref 1.789400E-05
T_ref 288.150000
C 110.4
frequency (flapping) 30.771908
Amplitude (m) 0.016473093
distance traveled by le in 
1sec (m) 2.03E+00
Garrick Freq (KG) 1.820000E+00
Strouhal Number (Sr) 0.202763397
Table 2. CFD simulation setup of NACA0012 wing at Reynolds number 30,000
Figure 3. Tip displacements as a function of time, Re=30,000, kG=1.82. Ref. [1]
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F. Boundary conditions
The NACA0012 wing is assumed to be fully rigid. It means that the root and tip of the wing have same trajectory 
in the oscillation direction. Hence, the symmetry boundary conditions are applied on the both ends of the wing. The 
outer boundary is kept as a farfield boundary by neglecting the top and bottom wall of the water tunnel.
III. Results
The results of instantaneous thrust coefficient for the stated case are presented along with the contours of static 
pressure 
and vorticity magnitude for the flapping cycle. Figure 4 presents the instantaneous coefficient of thrust plots for the 
simulated NACA0012 wing with the experimental data. It is worth notice that the experimental data termed as 
‘inflexible’ is closest to our simulated case which is also rigid and “inflexible”.
Figure 5 Coefficient of thrust plotted against non dimensional t/T
Trajectory during flapping motion: Amplitude of motion (m) plotted against time(sec)
Flowfield data at Pt1, Pt2, Pt3 and Pt4, represented by blue rectangles, is discussed below
Figure 4 Instantaneous thrust coefficient as a function of time at Re=30,000, kG=1.82.
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The main difference is that although termed as the ‘inflexible’, this experimental wing still has some small 
degree of flexibility. This flexibility is obvious in figure 4 as a small difference between the motion profile of the 
root and tip.The result of the instantaneous thrust coefficient CT is quite encouraging. In fact, as presented in figure 
4, the trajectory of Inflexible wing has tip displacement which may contribute to the generation of thrust for 
experimental inflexible wing. 
The top side of the experimental setup is a free fluid surface which whereas the bottom is rigid water tank bed.
This experimental setup is simulated by keeping the top and bottom of the domain as “Farfield” boundary 
conditions. So any physical effects due to the free open side on the top or on the bottom are neglected. A much finer 
grid with lesser dissipation and better capability of the resolving and preserving the separated flow structures may 
give improved flowfield results.
The trajectory of the flapping motion and the coefficient of thrust are plotted in Figure 5. It is to be noticed that 
both have different time scales along x-axis. The arrows describe the direction of motion and the flowfiled results 
and mesh at marked points (Pt1-Pt4) are presented ahead.
Figure 6 Vector plots of velocity coloured with the velocity magnitude (every 3rd vector 
is plotted for clarity). Flowfield description at Pt1, Pt2, Pt3 and Pt4 (from top to bottom)
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The dynamic effects are clearly observable from the lag of both trajectory and the coefficient of thrust. It is in line 
with the physical and experimental observations where the flow dynamics has a dynamic effect due to the 
momentum of the fluid. 
Figure 7. Line contour plots of vorticity magnitude. Flowfield description at Pt1, Pt2, Pt3 and Pt4 
(from top to bottom)
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The vector plot in Fig. 6 coloured with velocity magnitude show the dynamics of the flow at different locations from 
Pt1 to Pt4 as defined in Fig. 5. The sharp variations at the leading and trailing edge of the wing make it essential to 
have a proper mesh resolution in these regions for better capturing of the flow physics. These plots are taken from 
the cross section of the flapping wing at the mid-span location. Pt1 to Pt4 presented in Fig. 7, show the vorticity line 
contours at different locations along the trajectory. The effect of mesh motion and hence the related dynamic effect 
is clearly visible during the motion cycle. Another aspect observed that apparently the effect of downstream 
turbulence is not very significant in this case and a relatively very coarse mesh has generated encouraging results.
The Delaunay graph based mesh deformation used in this scheme has been very efficient and its non-iterative 
nature has made the mesh deformation for massively large computations possible.
IV. Conclusions
The Delaunay graph based mesh deformation scheme is successfully implemented in the serial and MPI version 
of DG-DES solver[23,24]. The results presented are for the spanwise rigid NACA0012 wing. No appreciable bottle 
neck or reduction in efficiency is observed in the solution due the deforming mesh simulation. The master node does 
the mesh deformation and calculates the new mesh parameters during the time slot when it is otherwise idle (for 
non-moving meshes) and waiting for the slave nodes to pass on the convergence data.  The speed and the quality of 
the deformed mesh are quite good. The simulation of spanwise flexible wing is to be done in the same way. 
However, for this study, only spanwise rigid wing is simulated as a test case. It is observed that particularly for the 
three dimensional Delaunay graph based mesh deformation[25] is sensitive to the quality of the parent Delaunay 
triangles.  The resulting mesh may deteriorate with the number of iteration if the area ratios are calculated at each 
step of the mesh motion from the highly skewed parent Delaunay triangles. In this study, the preference is given to 
use the mesh area ratios calculated from the un-deformed mesh, corresponding to the original graph. It reduces the 
computational time considerably by avoiding the calculation of the area ratios at each step of mesh deformation. It 
also ensures that the subsequent skewness in the Delaunay triangles has a minimal effect on the resulting mesh 
quality. However, it reduces the flexibility of this methodology. If the original Delaunay graph fails to provide the 
feasible mesh for the complete cycle, it is still preferred to generate another Delaunay graph after some specified 
number of simulation iterations instead of each mesh deformation step. The number of these steps has to be decided 
after observing the step during which the mesh deformation fails. Obviously, if a single Delaunay Graph suffices the 
complete mesh motion, the mesh deformation becomes very fast. The Delaunay elements generated at the first step 
are not to be generated again and their connectivity remains the same. It is to function much faster than the original 
Delaunay Graph that needs to be computed at each mesh deformation step. The flexibility and accuracy of the mesh 
deformation increases with the increase in the number of Delaunay triangles generated at extra computational cost.
It is to be noted that this simulation does not cover the effect of wall region near the tip of the NACA0012 wing 
as in the experimental setup. In the experimental setup, the clearance between the wing tip and the floor of the water 
tunnel is 5c/3 which corresponds to the 56% of the semi span. The effect of wall may have significant impact on the 
experimental data. The mesh used in this simulation is very coarse and the grid resolution in the LES region is very 
coarse as well. For a better hybrid RANS-LES simulation, the mesh size is to be considerably increased to be able to 
capture the unsteady separated flow physics properly.
The results obtained for the instantaneous coefficient of thrust are quite encouraging in comparison with the 
experimental data. It imbibes the confidence in using moving meshes with Detached-Eddy simulation with
encouraging results. Due to its simplicity and non-iterative nature, the Delaunay-Graph mesh deformation 
methodology can be extended to LES simulations with massive mesh sizes, especially for huge size grids that cannot 
afford iterative mesh deformation scheme.
Further simulations for spanwise flexible and rigid configuration are underway and will be included in the future 
work.
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